Enhanced Sensitivity to Ultralight Bosonic Dark Matter in the Spectra of
  the Linear Radical SrOH by Kozyryev, Ivan et al.
Enhanced Sensitivity to Ultralight Bosonic Dark Matter in the Spectra of the Linear Radical SrOH
Ivan Kozyryev,1, 2, ∗ Zack Lasner,3, † and John M. Doyle1, 2
1Harvard-MIT Center for Ultracold Atoms, Cambridge, MA 02138
2Department of Physics, Harvard University, Cambridge, MA 02138
3Department of Physics, Yale University, New Haven, CT 06511
(Dated: May 22, 2018)
Coupling between Standard Model particles and theoretically well-motivated ultralight dark matter (UDM)
candidates can lead to time variation of fundamental constants including the proton-to-electron mass ratio µ ≡
mp/me ≈ 1836. The presence of nearly-degenerate vibrational energy levels of different character in polyatomic
molecules can result in significantly enhanced relative energy shifts in molecular spectra originating from ∂tµ,
relaxing experimental complexity required for high-sensitivity measurements. We analyze the amplification of
UDM effects in the spectrum of laser-cooled strontium monohydroxide (SrOH). SrOH is the first and, so far, the
only polyatomic molecule to be directly laser cooled to sub-millikelvin temperatures [1], opening the possibility
of long experimental coherence times. Because of the high enhancement factors (
∣∣Qµ∣∣ ≈ 103), measurements
of the X˜ (200)↔ X˜ (0310) rovibrational transitions of SrOH in the microwave regime can result in ∼ 10−17
fractional uncertainty in δµ/µ with one day of integration. Furthermore, ultracold SrOH provides a promising
platform for suppressing systematic errors. More complex SrOR radicals with additional vibrational modes
arising from larger ligands R could lead to even greater enhancement factors.
Introduction. The quantum mechanical nature of dark mat-
ter remains a mystery despite significant experimental ef-
forts [2–6]. Stringent limits placed recently on the promis-
ing class of dark matter candidates, Weakly Interacting Mas-
sive Particles [4, 7], as well as the absence of signatures
for supersymmetric partners at the Large Hadron Collider
[2, 8, 9] and electron electric dipole moment (EDM) exper-
iments [10, 11], have motivated a new generation of searches
for other theoretically motivated dark matter candidates [12–
18]. Bosonic ultralight dark matter (UDM) particles, like ax-
ions, axion-like particles (ALPs), dilatons, moduli, and re-
laxions [12], can form coherently oscillating classical fields
φ(r, t) = φ0 cos
(
ωφt−kφ·r
)
with the oscillation frequency
set by the mass of the dark matter particle ωφ ' mφ [19–21].
Coupling between UDM fields and ordinary matter can lead to
variation in fundamental constants X = α (fine-structure con-
stant) and µ (proton-to-electron mass ratio) as [20, 22]
δX (t)
X
= ΓXφn (r, t) , (1)
where the coupling strength is ΓX and n = 1(2) for lin-
ear(quadratic) coupling.
Transitions between different quantum levels with energy
separation 4E = ~ω in atoms and molecules are dependent
on the dimensionless constants δω= f (δα,δµ) with [23, 24]
δω
ω
= Qα
δα
α
+Qµ
δµ
µ
. (2)
Sensitive probes of α variation due to UDM-induced ef-
fects have recently been explored with the use of ultrapre-
cise atomic clocks [19, 25, 26], reaching ∂tα/α ∼ 10−17/yr
sensitivity [27–29]. Additionally, specific atomic transitions
with enhanced sensitivities |Qα|  1, have allowed measure-
ments on a Dy beam to be competitive with atomic clock
limits [14, 30]. Exploring both Γµ and Γα is important, as
these effects probe different underlying physical phenomena
[19]. While the use of atomic clocks for probing dark-matter-
induced oscillating, drifting and transient-in-time fundamen-
tal constants has been considered in depth [22, 31, 32], laser-
cooled molecules have additional degrees of freedom that
could enable further breakthroughs in this area.
In molecular spectra, the energy scales for electronic, vibra-
tional and rotational transitions typically relate as 1 : µ−1/2 :
µ−1 [33]. Molecular transitions provide a system to study Γµ
couplings without any contributions from Γα because vibra-
tional transitions in molecules have Qµ = − 12 and Qα ≈ 0
[24]. Thus, isolating effects from µ variation in a model-
independent manner becomes possible [34]. Moreover, cer-
tain beyond the Standard Model theories predict larger µ vari-
ation δµ/µ=Rδα/αwith R≈ 40 [24, 35, 36], further motivat-
ing precision experiments in molecular spectroscopy. Molec-
ular ions can also be used for such experiments and recent the-
oretical proposals consider using diatomic hetero- and homo-
nuclear molecular ions to search for µ variation [37, 38]. In
this paper, we propose to use laser-cooled samples of the neu-
tral polyatomic radical SrOH that can be trapped at high den-
sities and low temperatures, allowing for large scalability and
enhanced sensitivity to UDM-induced µ variation.
Enhancement factors. As previously pointed out [23, 39–
42], rovibrational spectroscopy of diatomic and polyatomic
molecules may provide significant enhancements in relative
sensitivity to the variation of µ with
∣∣Qµ∣∣ 1. An extensive
list of enhancement factors calculated for diatomic and poly-
atomic molecules to µ variation can be found in Refs. [23, 24],
with large enhancements of Qµ ∼ 300 and Qµ ∼ 700 estimated
for CH3OH and l-C3H, correspondingly. Other polyatomic
molecules found in space like methanol [43], acetone [44] and
ammonia [45] have been analyzed as well, leading to a strin-
gent limit of δµ/µ. 10−7 from the observations of astronomi-
cal methanol [24, 46]. While astrophysical observations place
stringent time-variation limits with ∂tµ/µ ∼ 10−17/yr bounds
due to large look-back times (4t ∼ 7Gyr) [24], they have lim-
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Figure 1. Vibrational levels of SrOH in the electronic ground state.
The dominant nature of the vibrational motion is indicated schemat-
ically at the top. The states are labeled using
(
v1vl2v3
)
notation for
the number of vibrational quanta in the Sr-O stretching (v1), Sr-O-H
bending (v2) and O-H stretching (v3) vibrational motion. The num-
ber of units of vibrational angular momentum present in the doubly-
degenerate bending of linear triatomic molecules is denoted with the
superscript l. Nearly-degenerate excited stretching (200) and bend-
ing
(
0310
)
vibrations are indicated with a red oval.
ited sensitivity to UDM-induced coherent oscillations since a
linear drift, ∂tµ = δµ/4t, must be assumed.
Here we analyze the enhancement factors for one of the
simplest possible polyatomic molecules, the linear triatomic
XYZ-type radical SrOH, and discover that enhancement fac-
tors of Qµ ≈ 10− 103 can be reached by probing rovibra-
tional transitions of the X˜ (200)↔ X˜ (0310) excitation spec-
trum in the ω≈ 1−30 GHz transition frequency band. SrOH
is the only polyatomic molecule that has been directly laser
cooled thus far [1], and therefore provides the additional sig-
nificant advantages of low translational and internal tempera-
tures, long experimental coherence times, and optical internal
state preparation and efficient readout. Furthermore, the sim-
ple vibrational structure of SrOH strongly limits the possibil-
ity of internal vibrational redistribution (IVR) or nonradiative
transitions [47], enabling highly sensitive laboratory measure-
ments of both δµ/µ and ∂tµ/µ in the frequency band of the-
oretical interest for promising UDM models. Figure 1 shows
the relevant vibrational energy levels of SrOH in the ground
electronic state X˜ .
As shown in the Supplemental Material (SM), for a linear
triatomic molecule like SrOH, the positions of the vibrational
energy levels
(
v1vl2v3
)
referenced relative to the lowest level
(000) in a given electronic state (see Fig. 1) are described as
[48]
Ev1v2v3−000 =
3
∑
i=1
(
ωivi+ xiiv2i + xiividi
)
+g22l22 (3)
with di = 1 for the stretching modes with frequencies ω1
(Sr↔O) andω3 (O↔H), and d2 = 2 for the doubly-degenerate
bending mode with frequency ω2. The anharmonic contribu-
tions to the molecular potentials have been included leading to
additional xii and gii terms in the expansion. The expressions
for the two closely-lying vibrational levels of SrOH shown in
Fig. 1 are given as
E200−000 = 2ω1+6x11 (4)
E0310−000 = 3ω2+15x22+g22. (5)
With the estimated molecular constants for SrOH based on ex-
perimental measurements [49], we determine the energy sep-
aration between the two states4E200−0310 to be
2ω1+6x11−3ω2−15x22−g22 = 0.0395cm−1, (6)
which corresponds to about 1.2 GHz. Because the harmonic
and anharmonic contributions to ∆E200−0310 = ∆Eharm +
∆Eanharm depend differently on µ, the transition frequency dis-
plays a strong sensitivity to µ that is not suppressed even
in the limit of degeneracy (SM). In this regime, extremely
small absolute energy shifts, ∆E200−0310 < 10µHz, can be ex-
perimentally resolved, providing a sensitive probe of δµ ∝
δ∆E200−0310.
In order to estimate the sensitivity coefficients Qµ, we also
include the contributions from the rotational motion of the
molecule in a specific vibrational level. For the ground elec-
tronic state X˜ of SrOH, the valence electron is effectively lo-
calized on the Sr atom and the unpaired electron spin is not
strongly bound to the internuclear molecular symmetry axis
z [50]. Therefore, rotational levels in both (200) and
(
0310
)
vibrational states can be analyzed in terms of Hund’s coupling
case (b) quantum numbers [48]:
F[v] (N) = B[v]N (N+1) , (7)
where N is the quantum number of the total angular momen-
tum apart from spin and B[v] is a rotational constant for a spe-
cific vibrational level [v]. Using the dependence of the har-
monic (ωi), anharmonic (xii, gii) and rotational (Bi) coeffi-
cients on the proton-to-electron mass ratio µ [24], we calculate
the absolute sensitivity of each rovibrational level [N,v] to be
q[N,v] ≡
∂E[N,v]
∂(lnµ)
=−1
2
ωiv− xii
(
v2+ vdi
)
(8)
−giil2i −B[v]N (N+1) ,
where l1(l2) = 0(1), d1(d2) = 1(2) and the sensitivity of the
ground vibrational level q000 has been subtracted. Using spec-
troscopic data for SrOH we obtain the following absolute sen-
sitivity coefficients
q200 (N = 1)≈−518cm−1 (9)
3q0310 (N = 1)≈−496cm−1, (10)
which can be used to estimate the dimensionless enhance-
ment factor as Qµ = 4q200−0310/∆E200−0310 (SM). Each of
the rotational levels in the
(
0310
)
vibrational state consists
of `-type parity doublets separated by ∆E±l ∼ O
(
B2[v]/ω2
)
which has been measured for SrOH in this specific vibrational
level to be ∆E±l ≈ 12 MHz [51]. Driving the perpendicu-
lar vibronic transition Σ−Π with 4l = ±1 leads to P and R
branches with 4N = ±1, as well as a strong Q branch with
4N = 0 [52]. The relative sensitivity coefficient of the rovi-
brational N′′ = 1→ N′ = 1 transition for X˜ (200)→ X˜ (0310)
is Qµ = −617 with transition frequency ω = 1.1 GHz. By
choosing a N′′ = 2→N′ = 1 rotational branch instead, we ob-
tain Qµ =−23 with ω= 31 GHz. The sign of the shift can be
reversed by using the other transition branch N′′ = 1→N′ = 2
with Qµ = 23 and ω = 29 GHz. Thus, by measuring dif-
ferent rotational branches of the same vibrational transition
we can control the sign and magnitude of the sensitivity en-
hancement factor Qµ. Vibrational dependence of the rota-
tional constant B[v] can be used to achieve even larger Qµ since
4B200−0310 ≈ −45 MHz [49, 51]. For the N′′ = 5→ N′ = 5
rotational branch, the separation between the levels decreases
to 4E200−0310 < 200 MHz, resulting in Qµ > 103 enhance-
ment [53]. As a stability reference, one could use purely ro-
tational transitions within the (200) vibrational manifold with
Qµ = −1. It is important to note that our spectroscopic con-
stants derived from previous experimental measurements [49]
reproduce positions of E100, E200, E0110, E0200 and E0220 to
within 0.002 cm-1(SM). Furthermore, the absolute magnitude
of the calculated enhancement factors Qµ is comparable to the
largest values found in the literature for much more complex
polyatomic molecules like methanol [54] and ammonia [45].
Sensitivity estimation. In addition to the large relative en-
hancement factors to µ value variation, SrOH uniquely pro-
vides an intriguing experimental platform for achieving pre-
cise measurements of δµ/µ using previously demonstrated
atomic physics technologies. For atomic clock experiments,
the statistical precision with which the transition frequency
can be measured, with the frequency stability limited by quan-
tum projection noise, is [37, 55]
δω≈ 1√
NTcτ
, (11)
where N is the number of independent molecules probed per
run, Tc is the experimental coherence time, and τ is the to-
tal measurement time. Vibrational motions of SrOH are quite
harmonic for low quantum numbers and, therefore, radiative
vibrational decays with 4v 6= ±1 are suppressed. Thus, the
coherence time in the experiment Tc will be limited by the
spontaneous vibrational decay from X˜ (200) to X˜ (100), which
we estimate to be∼ 140 ms (SM). Black-body stimulated life-
time at room temperature is estimated to be TBBR > 1.5 s, con-
sistent with previous theoretical estimates [56]. Laser cooling
of ∼ 106 SrOH molecules in a beam to below 1 mK has been
experimentally demonstrated [1] as well as direct magneto-
optical trapping of around 106 diatomic CaF molecules [57].
It is realistic to assume N ≈ 106 trapped SrOH molecules
per experimental run. With one day of experimental inte-
gration, absolute statistical uncertainty of δω ≈ 10µHz can
be achieved. The frequency of the rotational transitions ad-
dressed during the experiment on the X˜ (200) ↔ X˜ (0310)
vibrational band ranges between 1 and 30 GHz, and there-
fore expected relative measurement uncertainty is between
3× 10−12/√τ(seconds) and 1× 10−13/√τ(seconds). For
comparison, microwave frequency synthesizers in the com-
parable frequency range ω ∼ 10GHz for use in atomic clock
experiments have microhertz resolution and noise levels at the
10−14/
√
τ(seconds) level [58].
Enhanced sensitivity coefficients Qµ in SrOH spectra pro-
vide an opportunity to perform sensitive measurements with
relaxed experimental precision, similar to gains in α varia-
tion sensitivity for Dy experiments [30]. Long trap times with
laser-cooled SrOH molecules can be realized utilizing either
an optical dipole trap or a molecular fountain [59, 60]. Using
either a blue-detuned “box” trap [61] or a red-detuned opti-
cal dipole trap demonstrated for laser-cooled CaF [59], ex-
perimental trap times of order 10 seconds could be achieved.
Precision spectroscopy of laser-cooled atomic radium has pre-
viously been performed in an optical dipole trap [62], demon-
strating the feasibility of the optical approach. Using enhance-
ment factors calculated above and assuming one day of exper-
imental integration, we can achieve fractional sensitivity δµ/µ
on the order of ∼ 1×10−17 for both ω≈ 1 and 30 GHz tran-
sition frequencies. Thus, microwave spectroscopy of SrOH
can provide δµ/µ sensitivity at the level of the best previ-
ously proposed ultracold atom and trapped diatomic neutral
[39–41] and ionic species [37, 38], but with potentially easier
experimental preparation and spectroscopy schemes, as well
as suppression of systematic errors. Furthermore, the mea-
surement with SrOH would lead to orders of magnitude im-
provement in the limit on µ variation in a model independent
way compared to the previous experimental results with SF6
beam spectroscopy where 10−14/yr was achieved [34].
Transition strength. For linear molecules the intensity of
rovibrational transitions within the same electronic state is es-
timated as [52]
SJ′J′′ = |Mv′l′v′′l′′ |2 S4JJ′′ F (m) (12)
where Mv′l′v′′l′′ represents a purely vibrational transition mo-
ment, S4JJ′′ is the Hönl-London factor and F (m) is the Herman-
Wallis term that compensates for errors in separation of vibra-
tion from rotation. While for a purely harmonic oscillator only
4v = ±1 transitions are allowed, inclusion of anharmonic
terms in the molecular vibrational potential as well as high-
order terms in the dipole moment function lead to overtones
of reasonable intensity with4v=±2,±3, . . . [52]. Addition-
ally, for polyatomic molecules with nearby vibrational levels
of different symmetry character (e.g. Σ vsΠ) like SrOH, Cori-
olis perturbations lead to Coriolis resonances and mixing be-
tween the two levels. The (200)∼ (0310) Coriolis interaction
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Figure 2. Internal quantum state preparation for SrOH via two-stage
optical pumping (OP). Using two OP laser beams (λ1 and λ2), a
trapped SrOH sample can be prepared in a specific rotational quan-
tum level of the excited Sr-O stretching vibrational level (200). Spin-
orbit splitting in the excited electronic state is indicated with both
Π1/2 and Π3/2 levels shown.
for SrOH has been suggested previously [49]. Overtone tran-
sitions requiring changes in multiple v quanta induced by the
Coriolis interactions have previously been observed in other
polyatomic molecules [63].
Experimental details. Direct laser cooling of SrOH
molecules to millikelvin temperatures has already been
demonstrated [1]. With the Doppler cooling technique, which
relies on the spontaneous radiation pressure force, the trans-
verse temperature of a cryogenic SrOH beam was reduced to
30 mK [64]. Additionally, the use of the sub-Doppler cooling
method known as magnetically-assisted Sisyphus laser cool-
ing reduced the temperature to ∼ 750µK [1]. Detailed mea-
surements of Franck-Condon factors (FCFs) and vibrational
branching ratios (VBRs) for SrOH have been recently com-
pleted [65], confirming that direct laser slowing and magneto-
optical trapping appears feasible with three repumping lasers
to address losses to the (100), (200), and
(
0200
)
states. Po-
tentially, even fewer repumping lasers could be used employ-
ing slowing with coherent stimulated optical forces recently
experimentally demonstrated for SrOH [66]. Sympathetic
cooling of trapped SrOH to microkelvin temperatures with ul-
tracold lithium also appears feasible based on rigorous quan-
tum scattering calculations [67].
The efficient preparation of the necessary rovibrational
quantum states can be achieved in two distinct ways. Fig-
ure 2 depicts a two-stage optical pumping scheme from the
ground vibrational level into (200). Previous work on colli-
sional quenching of the X˜ (100) state of SrOH at 2 K has al-
ready demonstrated high-efficiency optical pumping into the
excited Sr-O stretching mode with a 660 nm external cavity
diode laser [68]. Thus, efficient rotational state preparation
in the (200) state can be achieved with two optical pumping
beams as shown in Fig. 2. An alternative transfer scheme from
the ground vibrational level to the excited X˜ (200) state is to
turn off the X˜ (200)→ A˜2Π1/2 (100) repumping laser during
the laser cooling process, thus leading to the rapid accumu-
lation of molecules in the X˜ (200) vibrational level. Each of
the proposed methods appears highly feasible and the exact
requirements of the future experiment will determine the pre-
ferred internal transfer scheme. It is important to note that
the required experimental coherence time Tc is a factor of 5
shorter than the achieved lifetime of laser-cooled CaF in an
optical dipole trap [59].
Line broadening and shift. As previously experimen-
tally demonstrated with atomic microwave clocks [69] and
theoretically analyzed for a YbF molecular fountain [70],
laser-cooled samples provide excellent suppression of possi-
ble systematic errors in precision measurement experiments.
Doppler broadening is given by [52]
∆ωD = 2ω
√
2kT ln(2)
mc2
(13)
and will be suppressed at ultracold temperatures (∼ 50µK)
to 4ωD ≈ 5×10−10ω, which is 2 orders of magnitude lower
than for a 1 K sample of SrOH and below the natural linewidth
1/Tc for ω200−0310 = 2pi× 1.2 GHz. The second order rel-
ativistic Doppler shift is proportional to v2thermal/c
2 and will
be4ωRD ≈ 10−20ω for an ultracold SrOH sample. The first-
order Stark shift in the excited bending state
(
0310
)
can be
used for spectroscopic reversal of the differential Stark shift
between (200) and
(
0310
)
and suppression of electric-field
induced systematics.
Vibrational frequencies of the normal modes in polyatomic
molecules depend on the constituent atomic isotopes. Stron-
tium has four stable isotopes with atomic masses 88, 86, 87
and 84 and natural abundances of 82.58%, 9.86%, 7% and
0.56%, respectively. Additionally, a deuterated version of
the molecule SrOD has been previously experimentally an-
alyzed [71]. While for a diatomic molecule the dependence
of the molecular vibrational constants on the reduced mass
µred is relatively simple, ω ∝ µ
−1/2
red and x ∝ µ
−1
red, even for a
linear triatomic molecule the change in harmonic and anhar-
monic vibrational constants as a function of isotopic substitu-
tion is more complex, as discussed in the Supplemental Ma-
terial. While the focus of this paper is on the most abundant
88Sr16O1H isotope, potentially other SrOH isotopes could be
useful for µ variation experiments as well.
Outlook. The largest sensitivity to the coupling coefficient
Γµ between potential UDM coherent oscillations and proton-
to-electron mass ratio in a one-day measurement occurs for
dark matter particles in the mass range mφ ∼ 5× 10−20 eV
to 1× 10−14 eV, corresponding to oscillation periods of one
day and the Nyquist period 2Tc, respectively. If measure-
ments are interspersed throughout a year, masses as low as
1× 10−22 eV can be probed [72]. While these mass ranges
are already of interest to fundamental particle physics [73–
75], additional aspects of the SrOH spectrum could be used
to probe other important mφ ranges. Resonant absorption of
bosonic dark matter in atoms and molecules has recently been
5explored theoretically [76]. With long coherence times and
different energy level spacings in the megahertz, gigahertz
and terahertz frequency range, trapped ultracold SrOH pro-
vides a potentially promising platform for exploring coherent
internal transitions induced by dark matter fields. While pre-
vious proposals considered using a pressurized gas container
at room temperature with H2, O2, CO, N2, HCl or I2 [77] or a
cryogenic buffer-gas-cooled sample of O2 molecules [78], one
could consider instead using SrOH molecules embedded in a
cryogenic noble-gas matrix. High atomic densities of order
1017 cm-3 have been demonstrated with spin coherence times
approaching ∼ 1 s under some conditions [79]. Laser spec-
troscopy of the macroscopic sample of “frozen” SrOH could
allow probing ALP masses in the µeV and meV range for
dark-matter induced rotational and vibrational transitions, re-
spectively. We would like to point out that a similar approach
of using diatomic molecules embedded in a solid inert-gas
matrix has been proposed for performing EDM experiments
with projected ∼ 10−37 e · cm sensitivity [80]. However, the
approach with frozen polyatomic molecules for dark matter
searches does not require the application of MV/cm external
electric fields for molecular orientation in the lab frame, thus
significantly simplifying experimental design. A more exten-
sive analysis of this approach is beyond the scope of this work.
Summary. We have considered the search for ultralight dark
matter using precision microwave spectroscopy of the laser-
cooled triatomic radical SrOH. The rovibronic spectrum of
SrOH in the ground electronic state has been analyzed and the
enhancement factors Qµ are calculated for different rotational
transitions in the (200)↔ (0310) vibrational band. With pre-
dicted
∣∣Qµ∣∣ 1 for multiple rovibrational transitions, as well
as highly diagonal Franck-Condon factors in the X˜ ↔ A˜ elec-
tronic excitation band, laser-cooled SrOH provides a viable
molecular platform for achieving∼ 10−17 uncertainty in δµ/µ
with 1 day of integration and has the potential to significantly
improve on the previous limit on δµ/µ from molecular spec-
troscopy [34]. While microwave spectroscopy of low-lying
excited vibrational modes of SrOH appears promising as a
new experimental platform for UDM searches, accurate ab
initio calculations and preliminary spectroscopy experiments
are required to determine the exact transition frequencies as
well as enhancement factors Qµ estimated here.
Other linear triatomic molecules with potentially diagonal
Franck-Condon factors like RaOH and YbOH have been re-
cently proposed for exploring fundamental physics of parity
violation and permanent electric dipole moments [81, 82].
However, advanced molecular spectroscopy is still necessary
for both species to make their laser cooling prospects practi-
cal and identify the optimal repumping schemes. Addition-
ally, the presence of a heavy atom like Ra or Yb could lead
to additional complications in the laser cooling and trapping
schemes, similar to YbF [83] compared to SrF [84]. Look-
ing for signatures of high-energy physics in low-energy spec-
troscopy experiments with laser-cooled SrOH has the poten-
tial to complement other experimental efforts to uncover the
quantum mechanical nature of the dark sector of the universe
[14, 17]. SrOH is the simplest example of monovalent stron-
tium alkoxides SrOR, which have been previously identified
as suitable for direct laser cooling and trapping [85]. Higher
density of rovibrational states provided by the relative motion
of the complex ligand R and SrO could result in similar de-
generacies as analyzed here but with even larger enhancement
factors Qµ, extending the maximum mφ sensitivity.
This work has been funded by the AFOSR Grant No.
FA9550-15-1-0446 and NSF Grant No. PHY-1505961. We
would like to thank M. Safronova for encouraging us to pur-
sue the topic of dark matter effects in the spectra of laser-
cooled polyatomic molecules and for a critical reading of the
manuscript. We would also like to acknowledge insightful
discussions with J. Weinstein.
SUPPLEMENTAL MATERIAL
Derivation of the enhancement factors. Here we follow pre-
vious treatments in Refs. [23, 24]. Consider two different en-
ergy levels Eg and Ee within the same electronic state with
Eg < Ee. The energy difference is (assume ~= 1)
ω= Ee−Eg (14)
with the change arising from µ variation given as
δω=
∂Ee
∂µ
δµ− ∂Eg
∂µ
δµ. (15)
Therefore, the fractional change in the level separation is
δω
ω
=
1
Ee−Eg
(
∂Ee
∂µ
− ∂Eg
∂µ
)
δµ (16)
where we used the definition from Eq. 14. Equivalently, the
relationship between the fractional changes in ω and µ are re-
lated to each other as
δω
ω
= Qµ
δµ
µ
(17)
with the proportionality constant Qµ also known as the dimen-
sionless enhancement factor defined as
Qµ ≡ µEe−Eg
(
∂Ee
∂µ
− ∂Eg
∂µ
)
(18)
or as more common in the literature
Qµ ≡ 1ω
(
∂Ee
∂(lnµ)
− ∂Eg
∂(lnµ)
)
. (19)
The absolute dependence of each energy level is calculated as
qg,e ≡ ∂Eg,e∂(lnµ) (20)
and has units of energy (usually cm-1). From Eq. 19 one can
observe that a large enhancement factor Qµ will arise when
6two levels being probed are closely spaced (i.e. ω ≈ 0) and
have different dependence on µ (i.e. qg 6= qe).
Estimation of SrOH molecular constants. In the past, ex-
tensive molecular spectroscopy has been performed on SrOH
with many vibrational and rotational parameters precisely
measured [49]. In a ground electronic state, vibrational en-
ergy levels of a linear triatomic molecule like SrOH are given
by [52]
G
(
v1vl2v3
)
=
3
∑
i=1
ωi
(
vi+
di
2
)
+
3
∑
i=1
∑
k≥i
xik
(
vi+
di
2
)(
vk +
dk
2
)
+g22l2 (21)
where di = 1 for non-degenerate stretching vibrations (v1 and v3) and di = 2 for the doubly-degenerate bending mode v2. For
SrOH and other similar molecules, the low-lying vibrational motions are mostly harmonic and therefore ωi xii, xik for i 6= k.
Therefore, SrOH vibrational levels of experimental relevance are approximated by the following expression
Ev1v2v3 ' ω1
(
v1+
1
2
)
+ω2 (v2+1)+ω3
(
v3+
1
2
)
(22)
+x11
(
v1+
1
2
)2
+ x22 (v2+1)
2+ x33
(
v3+
1
2
)2
+g22l2.
Using Eq. 22 as well as the measured energies of the (100),
(200),
(
0110
)
,
(
0200
)
and
(
0220
)
states [49], we can esti-
mate all of the necessary harmonic (ω1 and ω2) as well as
anharmonic (x11, x22 and g22) constants. It is computationally
convenient to reference all of the excited vibrational levels rel-
ative to the ground vibrational level
E000 =
ω1
2
+ω2+
ω3
2
+
x11
4
+ x22+
x33
4
. (23)
The estimated vibrational constants (in cm-1) are ω1 =
531.900, x11 = −2.455, ω2 = 369.584, x22 = −4.485 and
g22 = 7.558. With these extracted constants and using Eq. 22
for vibrational levels of SrOH, we predict positions of E100,
E200, E0110, E0200 and E0220 to 0.002 cm
-1, which corresponds
to 0.06 GHz. Particularly, we have the following expressions
(in units of cm-1)
E100−000 = ω1+2x11 = 526.991 (24)
4E100−200 = ω1+4x11 = 522.082 (25)
4E0200−0220 = 4g22 = 30.233 (26)
E0110−000 = ω2+3x22+g22 = 363.687 (27)
E0200−000 = 2ω2+8x22 = 703.288. (28)
Normal modes of a linear triatomic molecule. In order to
determine the dependence of vibrational frequencies of SrOH
on the proton-to-electron mass ratio µ, we perform the normal
mode analysis using the GF matrix formalism [86]. The ki-
netic energy related matrix G for a linear triatomic molecule
is given by
G=
 µ1+µ2 −µ3 0−µ3 µ2+µ2 0
0 0 G33
 , (29)
where following a common convention in the literature we use
the notation µ1 ≡ 1/mSr, µ2 = 1/mH and µ3 ≡ 1/mO while
G33 = µ1
r32
r31
+µ2
r31
r32
+µ3
(r31+ r32)
2
r31r32
, (30)
which also has units of 1/[mass]. The diagonal force constant
matrix is given by
F=
 F11 0 00 F22 0
0 0 F33
 . (31)
Solving for eigenvalues of GF and setting them equal to ω2i ,
we can find an expression for the harmonic vibrational fre-
quencies in terms of atomic masses:
ω21,3 =
{
F11 (µ1+µ3)+F22 (µ2+µ3)∓
(
F211 (µ1+µ3)
2+F222 (µ2+µ3)
2+4F11F22µ233−2F11F22 (µ1+µ3)(µ2+µ3)
) 1
2
}
ω22 = F33
(
µ1
r32
r31
+µ2
r31
r32
+µ3
(r31+ r32)
2
r31r32
)
(32)
7where ω1, ω2 and ω3 refer to the harmonic vibrational frequencies for Sr-O stretching, bending and O-H stretching modes,
respectively. Notice that since the binding energy of the nuclei Eb ∼ ka20 = mee4/~2 in a molecule and thus the force constant k
is proportional to the electron mass me [33], the calculated vibrational frequencies are all proportional to
ωi ∝
√
me
mp
= µ−1/2. (33)
The stretch-stretch coupling constant F13 has been ignored in our calculations since it is less than 1% of the corresponding F11
force constant and the use of the diagonal force matrix F has proven reasonably accurate in the previous work on SrOH [87].
Anharmonic vibrations of triatomic molecules. Calculated
spectroscopic constants for SrOH indicate that there is a small
anharmonic contribution to stretching and bending molecular
vibrations as can be seen above. Exact description of the vi-
brational motion of polyatomic molecules requires inclusion
of the anharmonic terms in the molecular potential. A Morse
potential of the form [47]
EMorse = Eb
[
1− e−a(R−Re)
]2
(34)
provides a good approximation for the anharmonic vibrational
potential of a diatomic molecule. It can be shown that the vi-
brational energy levels for a diatomic molecule take the form
[47]
Ev = ~ω0
(
v+
1
2
)
−~
2ω20
4Eb︸ ︷︷ ︸
x
(
v+
1
2
)2
(35)
where the µ constant dependence manifests as ω0 ∝ µ−1/2 for
the harmonic and x ∝ µ−1 for the anharmonic constant. Con-
tinuing to treat me as fixed without loss of generality, we note
that the binding energy Eb ∼ Eel ∼ e2a0 , where a0 is the Bohr
radius, does not directly depend on the proton mass mp and is
therefore independent of µ [33].
For a polyatomic molecule, local bond stretching vibrations
like Sr↔O and O↔H can also be effectively treated as Morse
oscillators [88] and therefore ω1, ω3 ∝ µ−1/2 and x11, x33 ∝
µ−1. For bending vibrations of linear triatomic molecules like
SrOH it can also be analytically shown [89] that vibrational
levels become ~(v+1)
√
f/µbend where f ∝ me is the force
constant for the bending motion (see Eq. 31) and µbend ∝ mp
is the reduced mass of the bending motion.
The vibrational potential energy for a linear polyatomic
molecule expanded in terms of the dimensionless normal co-
ordinates qi = Qi
√
2picωi/~ is
V/hc=
1
2∑i
ωiq2i +
1
6∑i jk
φi jkqiq jqk+
1
24∑i jkl
φi jklqiq jqkql+ . . .
(36)
where φi jk and φi jkl are the cubic and quartic force constants,
respectively [90]. The anharmonic constants x11, x22 and g22
for SrOH can be expressed in terms of the force constants and
vibrational frequencies as [90]
x11 =
1
16
φ1111− 116∑i
φ211i
8ω21−3ω2i
ωi
(
4ω21−ω2i
) , (37)
x22 =
1
16
φ2222− 116∑i
φ2i22
8ω22−3ω2i
ωi
(
4ω22−ω2i
) , (38)
g22 =− 148φ2222−
1
16∑i
φ2i22
ωi
4ω22−ω2i
. (39)
The Morse potential provides a good approximation to
bond-stretching motions of linear polyatomic molecules with
x11, x33 ∝ µ−1. Without loss of generality, consider me fixed
and, therefore, change in µ corresponds to change in mp [39].
From the dimensionality comparison of Eq. 37, 38 and 39 we
conclude that x22, g22 ∝ µ−1.
Estimation of vibrational lifetime. The coherence time in
the experiment will be limited by the spontaneous vibrational
lifetime of the (200) vibrational state. Specifically, the de-
cay rate X˜ (200)→ X˜ (100) can be estimated as A200−100 =
3.136× 10−7ω˜3µ2200−100 where ω˜ = 522 is the energy split-
ting in cm-1 and the transition dipole moment µ200−100 ≈ 0.4
is in Debye [52]. The dipole moment was calculated as [56]
µ200−100 =
√
~
mredω1
[
dµ200−100
dR
]
R=Re
(40)
where we used the approximate value for the slope of the
dipole moment at the equilibrium separation of 3.17D/a0 es-
timated for the isoelectronic molecule SrF. The black body
induced decay rate ΓBBR is further suppressed by a factor
1/(exp(~ω1/(kBT ))−1)≈ 0.1 at room temperature [91].
Enhancement factor uncertainty. In our analysis of the an-
harmonic contributions to the vibrational potential of SrOH,
we have ignored the terms arising from coupling between
different vibrational modes (i.e. xi j with i 6= j) in Eq. 21.
While the vibrational potential for SrOH is mostly harmonic
with ωi xii, xi j, contributions from the xi j terms could lead
to shifts on the order of a few cm-1. Previous experimental
bounds on the location of the
(
0330
)
vibrational level along
with the estimate of the g22 coefficient further confirm that
4E0310−200 . 2 cm-1 [49]. While exact spectroscopy of the(
0310
)
level in reference to a known vibronic level is neces-
sary to determine the separation between (200) and
(
0310
)
,
we estimate an absolute worst-case value of |Qµ| ≈ 100. For a
generic value of4E0310−200 < 2 cm-1, we can identify a new
optimal pair of rotational levels to use as
4E0310−200 ≈−∆Erot = B(N (N+1)− (N−1)N) (41)
8⇒ N ≈ 4E0310−200
2B
≤ 2cm
−1
2×0.25 cm−1 = 4 (42)
where ∆Erot is the difference in rotational energies and
we used for the rotational constants B ≡ B200 ≈ B0310 ≈
0.25cm−1 [49, 51]. In the worst case, the total angular tran-
sition frequency ω = |∆E0310−200 + ∆Erot | cannot be made
smaller than B. Therefore, ω< 2pi×7.5 GHz and |Qµ|> 100.
In a typical (rather than worst-case) scenario, enhancement
factors significantly larger than this limit would be achieved.
Thus, comparable sensitivity can be reached as estimated in
the manuscript.
Enhancement factor mechanism. The interplay between
harmonic and anharmonic contributions to the difference in
sensitivity coefficients, 4q, leads to enhancement factors Qµ
significantly larger than unity. In order to demonstrate the role
of both harmonic and anharmonic terms, we consider two vi-
brational levels separated by 4E =4Eharm +4Eanharm. Us-
ing the dependence of vibrational constants on the proton-to-
electron mass ratio we calculate4q=− 124Eharm−4Eanharm
for the µ sensitivity difference. Therefore, the absolute en-
hancement factor Qµ =4q/4E becomes
Qµ =−12
(
1+
∆Eanharm
4Eharm+4Eanharm
)
. (43)
Depending on the relative contributions of 4Eharm and
4Eanharm we consider three limiting cases:
4Eanharm = 0 : Qµ→−12
4Eharm = 0 : Qµ→−1 (44)
4Eharm ∼−4Eanharm : Qµ→±∞.
Therefore, a large enhancement factor is expected for a transi-
tion with anharmonic contributions comparable in magnitude
to the harmonic oscillator energy difference and opposite in
sign. For the (200)↔ (0310) vibronic transition in SrOH,
4Eharm = 2ω1−3ω2 ≈−44.951 cm-1 and4Eanharm = 6x11−
15x22 − g22 ≈ 44.99 cm-1, leading to 4Eharm/4Eanharm ≈
−0.999122 and Qµ ≈−570. Inclusion of the small rotational
energy difference4Erot for the N′′ = 1→N′ = 1 branch leads
to Qµ =−617, consistent with our estimation in the main text.
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